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ABSTRACT: This paper theoretically studies thermoreversible gelation driven by aggregation of helices
formed on the polymer chains. Two fundamentally different cases of (i) multiple association of single
helices, and (ii) association by multiple helices with multiplicity k (such as double helices (k = 2), triple
helices (k = 3), etc.) are treated on the basis of different equations. The helix length distribution on a
polymer chain (or assemble of chains for multiple helices) is derived as a function of polymer concentration
and temperature. It obeys a power law of the parameter t = 1 — v/(1 — 6), where 6 is the helix content
per chain and v is the average number of helices on a chain divided by the total number n of the repeat
units. The sol/gel transition point is found on the temperature—concentration plane. It is found that, in
the case of k-ple helices, the condition n6/¢ = k/(k — 1) is fulfilled at the gel point, where ¢ is the average
helix length. Hence, the independent measurement of # and ¢ gives the multiplicity k. Theoretical
calculation of the total helix content in the solution is compared with experimental data of optical rotation
in (-carrageenan solutions at different polymer concentrations. It is shown that at low temperature there
is a sharp transition from network to bundle state (pair, triplet, etc.). This network-to-bundle transition

becomes a real phase transition in the limit of infinite chain length.

1. Introduction

The properties of biopolymer gels and networks have
been the subject of a great deal of work by many
researchers.1=® One of the main problems studied so far
is the molecular mechanism of cross-linking in ther-
moreversible gelation of biological polymers such as
polysaccharides and proteins. These cross-links mostly
involve physical bonds rather than covalent ones. The
complications introduced by physical bonds, or segment
association, are such that main three attractive interac-
tions, i.e., hydrogen bonding, hydrophobic interaction,
and electrostatic interaction, all simultaneously set in
when biopolymers are cross-linked. Further complica-
tion appears with the fact that most biopolymers
undergo conformational transitions preceding gelation.
Activation of the particular functional groups on a
polymer chain accompanied by a proper three-dimen-
sional conformation change is a necessary prerequisite
for the interchain cross-linking. For instance, water-
soluble natural polymers such as gelatin and polysac-
charides (agar, alginate, carrageenan, gellan, etc.) change
their conformation from the random coil state to a
partially helical state, and then the helical parts ag-
gregate to form extended network junctions.124-10 |n
our recent study,!! we developed statistical-mechanical
theory for the study of gelation strongly coupled to
polymer conformational transitions. In this paper, we
refine our theoretical treatment by focusing on the
interplay between helix formation and cross-linking in
aqueous solutions of polysaccharides. To avoid complex-
ity, we consider mainly the hydrogen bonding in forming
helices (followed by their hydrophobic aggregation) and
neglect the polyelectrolyte effect.

Since the physical properties such as helix content,
length distribution of junction zones, elastic modulus,
etc. strongly depend on the thermal history of the
sample solutions,? we first introduce two time scales:
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a time scale for helix formation and that for helix
aggregation.

Let us first consider the case where the helix forma-
tion is faster than the association. The helices formed
after the solution is quenched from the high-tempera-
ture uniform liquid state quickly reach almost equilib-
rium length, and then, by further adjustment during
the lapse of time, associate with each other into junc-
tions of the true equilibrium length that minimizes the
free energy of the network as a whole. If the solution is
slowly annealed (at a rate slower than helix association),
on the other hand, the equilibrium network structure
at a given temperature is not the one formed at the
earlier stage, so that polymers try to adjust their helix
length and spatial distribution of junction zones to reach
the true equilibrium from the wrong initial conditions.
The topological constraints introduced in the network
in the preceding stage is so strong that the network
continues to change but can never reach equilibrium.
The random coils connecting the network junctions get
tenser as they are pulled from the junctions, and as a
result, the modulus continues to increase.'?

Recently, a similar separable two-step mechanism of
gelation through coil-to-helix transition was confirmed
for synthetic polymers with stereo-regularity.13-1° It was
found that, in solutions of syndiotactic poly(methyl
methacrylate) in toluene, a fast intramolecular confor-
mational change is followed by an intermolecular as-
sociation leading eventually to gelation.

Let us next consider the more complex case where the
rate of helix growth and that of helix association are
comparable. Kinetics of the network formation becomes
more complex, because helices start to aggregate as soon
as they are nucleated. The spatial distribution of junc-
tions becomes far from the equilibrium one, and the
solution never reaches equilibrium. The system shows
intrinsically nonequilibrium time development with
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Figure 1. Thermoreversible gelation in helix-forming polymer
solutions. In the case of multiple association of single helices,
polymers form partial helices of variable length ¢ upon cooling,
and helices aggregate into network junctions with multiplicity
indicated by the figures.

A

strong topological constraints, so that studies from
kinetic viewpoint are necessary.216.17

In this paper, we focus on the simpler case of
separable time scales. Kinetic studies on the more
complex case of nonseparable time scales will be re-
ported elsewhere.

2. Model Polymer Solutions

We consider model polymer solutions in which poly-
mers in random-coil conformation (reference conforma-
tion) at a given temperature and concentration first
form partial helices after being cooled, and then helices
aggregate into multiple junctions (Figure 1).

The multiplicity of a junction is defined by the number
of helices combined to it. Therefore, it is 1 for unasso-
ciated helices, 2 for pairwise junctions, and 3 for triple
junction etc. If a chain carries many short helices, its
functionality (number of functional groups) is high, but
association energy is small because short helices are not
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strongly bound to each other. On the other hand, if a
chain carries a small number of long helices, its func-
tionality is low, but the association energy is large.
Therefore, there is a competition between helix growth
and helix association. This competition is described by
the relative magnitude of the following two parameters.
The first one is the probability

n:(T) = exp(— AA/kgT) (2.1)

for the formation of a helix of length {, where AA; is
the free energy of a helix measured relative to the
reference conformation (random coil). The other one is
the association constant

2T) = exp(— AfJkgT) 2.2)

where Af: is the free energy change when a helix of
length ¢ is bound into a junction. In the following study,
we assume that the time scale of helix growth is
sufficiently fast compared to that of the helix associa-
tion, so that helix distribution on a chain reaches almost
equilibrium before association. After association sets in,
each junction zone adjusts its length in order for the
entire solution to reach equilibrium.

Before getting into the theory, we first distinguish two
fundamentally different cases, i.e., multiple association
of single helices and association by multiple helices
(Figure 2). These are fundamentally different in the
following points:

eUnassociated helices remain in the networks in the
single-helix case, while there are no isolated helices in
multiple-helix case. In the former case, the unassociated
helices do not serve as network junctions, so that helix
content is not necessarily proportional to the elastic
modulus of the network.

eThere is a perfect size matching among the sequence
length joining in a junction in multiple-helix case by its
definition, while small helices may associate with the
longer ones in the single-helix case. The helix length in
a junction is therefore not necessarily uniform in the
latter.

«Two neighboring helices on the same chain may
merge into one when they grow in the single-helix case,
while they collide and will not merge in the multiple-
helix case.

In most biopolymer gels, experimental distinction
between pairwise association of single helices and
intertwined double helices has been impossible, so that
the more general term “helical dimer” was used in the
literature.”® In what follows, we treat them in a
different way, but, to avoid unnecessary complexity, we
assume perfect size matching of helices in the case of
single helix when they associate. In other words, helices
of different length are regarded as different functional
groups.

Let us consider more about the double-helix case
(Figure 3). In addition to the double helices formed in
biopolymers such as «-carrageenan, gellan, etc., we can
include in the same category other types of junction
zones such as hydrogen-bonded ladder type junctions
as seen in polyacid—polybase complexes,® and associa-
tion by forming stereocomplex egg-box junction zones?:38
in which metallic ions are captured. (Small loops
(defects) in the ladder can also be taken into consider-
ation, but they are excluded in the present study.) For
such pairwise association of polymer chains, Higgs and
Ball® in their pioneering work theoretically suggested
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Figure 2. Two fundamentally different types of networks cross-linked by helices: (left) multiple association of single helices,

and (right) association by multiple helices.
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Figure 3. Three examples of zipper type junction zones: double helix, hydrogen-bonded ladder (with small loops), and egg-box

junction.

the occurrence of pairing transition where the mean
length of bonded sequences reaches the total polymer
chain length. We will study this transition in detail by
new statistical—-mechanical method treating association
of many chains.

3. Distribution Function of Helices

Let us first briefly review the single-chain coil-to-helix
transition problem. From the late 1950s, many papers
in the literature studied this problem.? Most of them
employed either matrix method or generating function
method, but they are useless for many-chain problems.
We therefore here reformulate the problem by employ-
ing the combinatorial counting method. Our new method
can easily be extended to suit many-chain problems.

Consider a polymer chain carrying the total number
n of statistical units (Figure 4). In order for helices to
be generated on this chain, helix sequences must be
selected from the finite length n. Let j. be the number
of helices with length { =1, 2, 3, ..., n (counted in terms
of the statistical units). Then, the number of different
ways to select j = {j1, jo, J3, ...} IS given by

(n— &)
(iHon - Y& - Y iy

o({i}) = 3.1)

Hydrogen-Bonded Ladder

O-00-00 0000000000006 0006600e0ee00

1 -—> n
g

Helix Formation

o P (i
1 >

g

Figure 4. Sequence selection in the hydrogen-bonding ladder
(top) and helix formation (bottom). The number j: of {-sequenc-
es are selected from the finite total length n.

T N —"T—0

n

Detailed derivation of this combinatorial factor is given
in Appendix A.

The free energy of a chain with the distribution j of
helices measured relative to the random-coil conforma-
tion is then given by

exp[—BFingied)] = 0()[] 7" (3.2)
g

where 7¢ is the statistical weight (eq 2.1) for a helix of
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length &. To find the most probable distribution of

helices, we minimize the free energy Fsingle by changing
j and find

jn=(1-0—vnt (3.3)

Here,

0= ;ngln (3.4)

is the helix content (number of statistical units in the
helices divided by the total number of units), and

v=Yj./n (3.5)
; :

is the number of helices on the chain (divided by the
total number of units). The parameter t is defined by

t=(1—-6—)I1-06) (3.6)

The physical meaning of this parameter is the prob-
ability for a randomly chosen monomer to be in the
random-coil sequence. Substituting the distribution (eq
3.3) into these definitions, we find

0 =tV (t)/[1 + tV,(1)] 3.7)
and
v =tVy(t)/[1 + tV,(1)] (3.8)

where functions V(x) are defined by

Vo(X) = anxé (3.9a)

V,(X) = ;gngx@ (3.9b)

By definition (eq 3.6), the parameter t must satisfy
the equation

t _
T—Ve® =1 (3.10)

This is the same equation as that found by Zimm and
Bragg?? (referred to as ZB) and also by Lifson and
Roig.?® ZB employed the form

1. = o8(T)° (3.11)
for the statistical weight of a helix, where o, is the helix
initiation factor, and In s(T) = constant — ey/kgT with
en (<0) being the hydrogen bonding energy between the
nearest monomers (amino residues in proteins). We then
have

V(t) = g,5tw(st) (3.12a)

V,(t) = o,Stw,(st) (3.12b)
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Figure 5. Helix content 6 (—), number of helices v (— -+ —),
mean helix length ¢ (— —), and the probability t (--) for a
randomly chosen monomer to belong to the random coil part
shown as functions of the temperature. Temperature is
measure in terms of In s = const + |exl/ksgT by using the
probability s of hydrogen-bond formation.

where the functions wy and w; are defined by

n

Wy(X) = %xgl

wy(X) = ;ng_l

(3.13a)

(3.13b)

Lifson and Roig?® used a slightly different weight

n.=v (for=1), VAW (for¢ = 2) (3.14)

The result does not differ so much, so that, in the
following study, we employ the simpler ZB weight.
Figure 5 plots t, 6, v and the mean helix length { = 6/v
as functions of the temperature. Temperature is mea-
sured in terms of In s. The coil-to-helix transition takes
place at around In s = 0. The helix initiation parameter
o1 should be small for the transition to be sharp. The
transition becomes sharper with molecular weight and
becomes a real phase transition in the limit of infinite
chain length.

4. Free Energy of the Solution

Let us move onto the many-chain problem. In a
solution at a given polymer volume fraction ¢ and
temperature T, polymer chains carry helices whose
length distribution is given by j: This distribution is
decided by the minimization of the total free energy of
the solution, and it depends on ¢ as well as T. A polymer
chain is regarded as a functional molecule carrying j;
of functional groups distinguished by the length ¢ of
helices (Figure 6).

We now have the problem of thermoreversible gela-
tion of polydisperse molecules carrying different species
of functional groups capable of forming junctions of
variable multiplicity. We have recently studied thermo-
reversible gelation of functional molecules (carrying a
single species of functional group) whose functionality
is not a fixed number but varies depending on the
temperature.'! The present problem is an extension of
our previous study to the case of many species of
functional groups. Therefore, we can find the free energy
of the solution by repeating the same theoretical con-
sideration on the basis of the lattice theory of polymer
solution?~27 combined with Flory—Stockmayer branch-
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Figure 6. Schematic picture of a functional molecule carrying
different species of functional groups As, A, ....

ing theory?8-31 of gelation. We are then led to
BAFIQ = ey (¢) + fas(9) (4.1)

for the free energy per lattice cell (Q is the total number
of lattice cells in the solution), where

fen@®) =2 Ing+ (L - 9) In(L - ) + 191~ ) (42)

is the Flory—Huggins free energy in the absence of
association, and

&;

¢

¢ 1 .,
fAS(¢)EH|n +§l—c£) zu'(z)dz  (4.3)

is the free energy due to the conformational change and
association.!? Here, ¢; is the volume fraction of “1
molecules”, i.e., polymers that remain in the reference
conformation (random coil for the present study) indi-
cated by subscript . The temperature-dependent pa-
rameter A¢(T) is the association constant (eq 2.2) for
helices of length &. A brief derivation of this free energy
is given in Appendix B. The parameter z; is related to
the polymer volume fraction through the equation1.82:33

Ae <le > ¢In=z:u(zy) (4.4)

The volume fraction of 2 molecules relative to the total
volume fraction is given by1!

¢ilé = exp[— In F,({z})] (4.5)

where the moments of helix distribution are defined by
Fim({2}) = Z(U j;m@)[u(zg)iﬂw({j})ung@ (4.6)
J=

Here, {m} is the set of integers {mj, my, ...} that indicate
the powers of the moment. The average helix number
is, for example, given by

0= Fro0...1.00,.31{Z})/Fio00..,{2}) 4.7)

where the {th number in {m} in the numerator is unity.

The function u(z) is the junction function for giving a
correct statistical weight to each multiplicity3133 and is
given by

u@2) =k;ykzk‘l (4.8)
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For instance, it is
u@z)=1+z<* (4.9)
for k-ple association of single helices and
u(z) = ¢+ (4.10)

for association by k-ple helices. (The first term for k =
1 does not exist in the latter because there is no isolated
helix.)

Let us next minimize this free energy by changing
the helix distribution function j to find the most prob-
able one. After a detailed calculation of the condition
O(BAFIQ)/0j: = 0, we find in Appendix C

jn=(1— 0 —vpuE)t° (4.11)
where parameter t is defined by relation 3.6 as before,
but now it depends on the polymer concentration.
Distribution function j can also be written as

jn=(1 - O)nuEHtt (4.12)
Comparing this result with the single-chain helix dis-
tribution (eq 3.3), we find that interchain association is
included in the front factor junction function u(z). The
parameter z; is related to the polymer concentration by
eq 4.4, which now produces the relation
z.=(1— O)pAy " (4.13)
for the most probable distribution found above. Upon
substitution of the junction function (eq 4.8) for u(z) into
the distribution function, we find that the helix content
6 per chain is given by

0 =Zak (4.14)
K=
and the number of helices v per chain by
v= ka (4.15)
K=
where
n
0, =7,(1— e)tggngzgﬂté (4.16)

is the content of helices participating in the junctions
of multiplicity k, and

n
Ve =71 — G)t;ngzgk_ltg (4.17)

is the number of helices participating in them. In
particular for the unassociated helices (in the single-
helix case), we have

0,= (1 — )tV (v (4.18)
and
v, = (1 — 0)tVy(t) (4.19)

where Vp and V; are defined by eq 3.12. From the
relation (eq 4.13) for z, the above results are expressed
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as
O = 71 — O)I(1 — O)gt] W) (4.20)
Ve = 7 — O — )Pt W) (4.21)
where new functions W s are defined by
n
W (x) = ;lgk_lngkxg (4.22a)
n
W) = ; RIS (4.22b)

In particular, for k = 1, we have W{(x) = Vo(x) and
W(ll)(x) = V1(x). The average helix length of the junction
with multiplicity k is then given by

& = 0, v,, = W)W () (4.23)

The parameter t is then given by

t=1- tzyk{ [(1 — 0)pt] W)} (4.24)
/=

To find the equation for t, we now solve eq 4.14 with
respect to 1 — 6 in terms of t, and substitute the result
into eq 4.24. The equation takes the form

i{vo(t) + Zyk[(l — Ot W) =1 (4.25)
1—-t &

(Further elimination of 6 from this equation requires
the models of junctions.) This is the extension of the ZB
condition (eq 3.10) to the many-chain problems.

Let us now examine physical meaning of the param-
eter t. We start with the relation (eq 4.5) for the volume
fraction of chains in random-coil conformation relative
to the total polymer volume fraction, and substitute the
most probable distribution (eq 4.12) for j: into this
equation. Asymptotic evaluation then leads to

In Fo{2}) =n(L — 0) In(L — 6) — n(1 — 0 — v) x
In(L — 6 —v) — ;jg{ln(l 90— +CInt} (4.26)

=—nlint
Hence, we have
¢l =1"
Therefore, the parameter t gives the probability for a

randomly chosen monomer on a chain to be a member
of a random-coil sequence.

(4.27)

5. Gel Point

In this section, we find the condition for the gel point
where solution turns from sol state into gel state. The
gel point here is defined by the percolation point where
the largest cluster in the solution spans the entire
system, i.e., where the three-dimensional macroscopic
network appears. This point can be found by the
condition such that the weight-average molecular weight
of the clusters diverges. For the model polyfunctional
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molecules carrying f; functional groups of the i-species
capable of forming multiple junctions only within the
same species, the gel point is shown in Appendix D to
be given by

u,, + 1/zfi -1=0 (5.1)
1

where the weight-average junction multiplicity a, is
defined by the reciprocal average

Uy = 3 ()3 (5.2)

In the present helix problem, the suffix i specifies the
length ¢ of a helix, and f; corresponds to the number j;
of helices on a chain. Since the average multiplicity for
the helices of length ¢ is given by33

#e =1+ zu'(z)u(z) (5.3)
the condition for the gel point is given by
n u(z,)

— ;= -1 (5.4)
= u(zy)tzU'(z)
For association by multiple helices, the junction function
takes the form u(z) = zk~1, so that the gel point condition
takes a particularly simple form

v, = ki(k — 1) (5.5)

Since v is given by the helix content 6 divided by the
average helix length ¢, we can find the multiplicity k
by independent measurement of 8 and ¢. In particular,
no/; = 2 for the double helices (k = 2) and nf/¢ = 1.5
for the triple helices (k = 3). It is between 1.5 and 2 if
double and triple helices are mixed. Thus, we conclude
that, for polymers in the solution to percolate, the
number of helices, irrespective of their length, should
exceed a critical value. The elastic modulus near above
the percolation point depends therefore directly on the
number of junctions rather than the total helix content.

For multiple (k-ple) association of single helices, the
junction function is given by u(z) = 1 + zk71, so that the
gel point condition becomes

n ng—l 1
j = 5.6
;1+kz§"lJé k-1 ©0

6. Solution Properties

To study phase separation, thermodynamic stability,
osmotic pressure and other properties, we have to know
the chemical potentials of all species in the solution. To
obtain the chemical potential of the solvent molecule
and A molecules, we take the derivatives of the free
energy with respect to the number Np and N;, and find
them in the general forms?!

BAu=1+In(1 = ¢) — v° + y¢° — [Z O'dprile
(6.1a)

BAw/n =1+ Ing)in —1°+ y(1 — ¢)* +
[Z O'($)vel(L — ¢) (6.1b)
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where

vW=1-¢+S()) (6.2)
2

is the total number density of particles and clusters that
possess translational degree of freedom. (Note that it
is not related to the number of helices although the
same letter v is used.) The last term in these chemical
potentials comes from the gel part in the postgel regime.
The function d+(¢) is the free energy for binding one
functional group into the gel network, and v the
number density of the polymer chains with functionality
f in the gel network (see ref 11 for more details). They
are important only in the postgel regime. The number
density vS is shown in Appendix B to be given by

¢ 1 2
VS=1_¢+E_Z/1_§L zu'(z)dz  (6.3)

so that the chemical potentials are explicitly given by

=—In¢g+

BAu; 1 ( 1
l —
n n

—)¢ + (1 — ¢ +
n

kl
Int+ —, (6.4a
‘%k « (6.4a)

>

1 ) k'
BAuo=1In(1 =) + (1 - —|p +1¢ +¢2—vk
n K= k
(6.4b)
in the pregel regime.

We next expand the solvent chemical potential in
powers of the polymer volume fraction and find

1 1
Ay =5 =1~ St W (k") (6.5)

for the second virial coefficient (y, = 1 by definition).
Here, to is the solution of eq 4.24 with vanishing polymer
concentration ¢ = 0. Since the function WY is positive
by its definition, pairwise association of single helices,
or formation of double helices, reduces the second virial
coefficient. As we will see below, there is a temperature
at which the average helix length reaches the entire
chain length (“pairing transition”). This transition
becomes sharper with increase in the polymer molecular
weight and becomes a true phase transition in the limit
of infinite chain length. The second virial coefficient
negatively diverges at this limit of sharp pairing transi-
tion.

By differentiating the chemical potentials, the ther-
modynamic stability limit, or spinodal condition, is
found to be given by

1 1

aint)
ap

0 (6.6)

Since 0t/d¢p < 0, the possibility of phase separation in
athermal solvent (y = 0) remains. Detailed study of
these solution properties will be reported in a forthcom-
ing paper.
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7. Association by Multiple Helices

We first study formation of multiple helices with a
fixed multiplicity k. For such k-ple helices, we have

u(z) = 2 (7.1)

where the abbreviation k' = k — 1 has been used. The
fundamental equations are then given by

Jé/n — (1 _ 9)ktk¢k'/lgk'77§k(tk)€ (72)

for the helix distribution function and

6= (1 — 0) "twt" (7.3)
v =(1— ) "t*Wi(t") (7.4)

for the helix content per chain and the number of helices
per chain. (Suffix k is omitted since x = 6 and v = v.)
The equation for t takes the form

@ -1+ ZmA - Hf = P tWP) (7.5

where the average helix length is given by eq 4.23. The
gel point is given by the condition nv = k/k' or

no/c(t) = kiK' (7.6)

so that independent measurement of 6 and ¢ at the gel
point gives the helix multiplicity.

Let us focus our study on double helices in this paper.
More complex triple helices and mixtures of double and
triple helices will be studied in a separate paper. We
have for k = 2

0= (1 — 0)’pt’W(t?) (7.7)
and
v = (1 — 0)°pt°WP(t) (7.8)

For the statistical weight of a double helix with
sequence length &, we assume ZB form

n.=1 and A, = o,A(T) (7.9)

The first equation ensures that a chain does not form
helices by itself. The second equation gives the weight
o, for the initiation (nucleation) of a double helix, i.e.,
the probability for an arbitrarily chosen pair of mono-
mers on different chains to start winding. This is the
counterpart of o1 for a single chain to nucleate helices.
The latter is expected to be small, but o, can be order
unity if there is no strict restriction on monomer
conformation in starting chain winding. The weight
A(T) is associated with a monomer belonging to a helix.
This weight comes from the hydrogen bond between the
monomer pair in a helix and can be regarded as the
association constant. It is written as

In A(T) = Aslkg — enlkgT (7.10)
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Figure 7. Helix content 6 (—), number of helices v (- -), mean
helix length ¢ per chain (— —) shown as functions of the
temperature. Temperature is measured in terms of In 1 = const
+ |eal/keT by using the association constant A per monomer.
Polymer volume fraction is changed from curve to curve. The
total DP of a polymer is fixed at n = 100. The helix initiation
factor is fixed at 0, = 1.0. With increase in the polymer
concentration, the helix number increases, while the mean
helix length decreases.

in terms of the entropy and enthalpy of association. We
then have

WE(t?) = 0,2AtPwW (A1) (7.11a)
WO(t?) = 0,2Atw, (1t (7.11b)

where functions wp and w; are defined by eq 3.13. The
equation for t becomes

(1 — {1 + w,(At)(1 — YW (AtY)} = ohet w,(At?)
(7.12)

In the limit of infinite dilution, we have the solution ty
= 1. At finite concentration, t is monotonically decreases
as temperature is lowered.

Figure 7 shows helix content, number of helices, and
average helix length as functions of the temperature for
polymers carrying n = 100 repeat units. The tempera-
ture is measured in terms of In 1 ~ |ea|/kgT. The polymer
volume fraction is changed from curve to curve. The coil-
to-helix transition takes place at around In 4 = 0, and
slightly shifts to higher temperature with the polymer
concentration. The helix initiation parameter is fixed
at 0, = 1.0 by assuming the simplest case where there
is no restriction for a pair of chains to start winding. At
high temperatures, helix content increases with polymer
concentration, but at low temperatures it decreases
because 0 is defined by the total number of repeat units
in helices on a single chain. To obtain the total helix
content in the solution, the number of polymer chains
must be multiplied to 6. This total content of helices in
the solution is an increasing function of the polymer
concentration at all temperature regions. It is expected
to be proportional to the rotation angle of the polariza-
tion plane in optical measurements.

Near around the transition temperature, many short
helices are nucleated. At low temperatures, helices grow
longer and longer, so that there are only few long helices
on a chain. For instance, their length reaches about 80%
at In 2 = 2. The double helices with 80% long are
practically rodlike rigid pairs of polymers. Hence they
form various anisotropic liquid-crystalline meso-
phases.34736 However, the study of such mesophases is
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and t (- -). The peak in the helix content 0 is located in the
extremely dilute regime, so that separation of a double helix
into two isolate chains is practically impossible.
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Figure 9. Total content 6 x ¢ of helices (—), v (--), and

¢ (— —) plotted against the absolute temperature.

beyond the scope of the present paper. The average helix
length decreases with polymer concentration at low-
temperature region.

To see this in more detail, we show in Figure 8 the
concentration profile of these quantities at a fixed
temperature In 4 = 1.0. Helices monotonically grow by
dilution, but there is a peak in 0, because at zero
concentration 6 must vanish by definition of double
helix. The concentration at which 6 shows a peak is
extremely small and shift toward ¢ = 0 with increase
in the polymer molecular weight. Therefore, it is practi-
cally impossible to separate pairs into isolate chains by
simple dilution.

To compare the results with optical measurements,
Figure 9 plots the same quantities as functions of the
absolute temperature. Parameters are arbitrarily cho-
sen to take an overview of the behavior such that the
transition temperature is given by T = 290 K and
association energy by |eal/ksgT = 6.0.

Figure 10 compares the experimentally measured
optical rotation angle for the degraded (-carrageenan
aqueous solution with 0.1 mol of added salt®” with
theoretically calculated total helix content in the solu-
tion. The molecular distribution of degraded carrag-
eenan was measured in the experiment and the average
chain length was estimated to be 47 residues. The
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Figure 10. Comparison of the experimentally measured
optical rotation angles (O) and theoretically calculated total
content of helices in a solution (—). Experimental data were
obtained from degraded (-carrageenan solution with 0.1 mol
salt. Polymer concentration is varied from curve to curve. The
proportionality constant between theoretical helix content and
optical rotation is found from the data at the highest concen-
tration of 5.66% measured.

optical rotation was measured at four concentrations by
changing the temperature. The -carrageenan with such
a small molecular weight (47 residues) does not form
gels in this temperature—concentration region. DSC
measurement on cooling and heating process in the
same temperature range was also carried out together
with optical measurement. The result on cooling and
on heating did not show any significant difference, and
gave a unique value for the enthalpy of coil-to-helix
transition. Therefore, the solution was treated as in
thermal equilibrium. Since the problem of whether
i-carrageenan, without Ca?* ions, exists in double
helix”-838 or in paired single helix3?4° at the junctions
has not been resolved at this moment, we attempted to
fit the data by assuming double helix as in the experi-
ment.%7

The proportionality constant between theoretical helix
content and optical rotation is found by fitting the data
at the highest concentration of 5.66% measured. Then,
theoretical results at other concentrations automatically
fit the experimental data with high accuracy. It turned
out that, for Th(’= 50, the helix initiation parameter o>
should be as small as 0.001 to obtain a good fit. One of
the main reason (-carrageenan does not form gels is the
smallness of this helix initiation probability. The coil-
to-helix transition temperature at dilute limit is fixed
at To = 65 °C.

Figure 11 summarizes the theoretical results for n =
100 polymers in the form of phase diagram. Solid line
shows sol/gel transition line as decided by the condition
(eq 7.6) for k = 2. Broken lines show the contours with
a constant helix length. Along the rightmost one, for
example, double-helices have average length {/n = 0.8.
The sol/gel transition concentration is not a monotonic
function of the temperature but turns back into high
concentration at low temperatures. Helices grow so long
at such low concentrations that the number of network
junctions become insufficient for gelation. The phase
plane is roughly divided into four regions: sol region
with separate chains at high-temperature dilute regime,
gel region with type I networks at high-temperature side
of the postgel regime, gel region with type Il networks
at low-temperature side of the postgel regime, and
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Figure 11. Temperature—concentration phase diagram of a
polymer solution forming networks by double helices. The solid
line shows sol/gel transition line. The dashed lines show the
contour along which the average helix length takes a fixed
value. At low temperatures, there is a change from network
phase to pairing phase.

-3

pairing region at low-temperature dilute regime. This
is an expected phase diagram under the condition that
helices grow much faster than they associate to each
other. When a solution at a given concentration with
separate chains at high temperature is quenched to a
given temperature, the phase shown in this phase
diagram is reached at equilibrium. If we further anneal
the system, helices grow under a fixed given topological
constraints, and show behavior different from the one
shown_in this equilibrium phase diagram. The growth
rate 95/dT in this annealing process can be directly
measurable through the change in the elastic modulus.

Figure 12 shows the same diagram as in Figure 7 but
for a longer polymer chains. The transition becomes
sharper with increase in the molecular weight. In
particular, the bend in curves of 0 at a low temperature
becomes sharper and sharper, and eventually reveals
discontinuity at infinite molecular weight. This tem-
perature is the temperature where the transition from
type Il networks to pairing state becomes a real
thermodynamic phase transition. It is determined by
the condition 1 — At?2 = 0 in addition to the equation for
t (eq 7.12). Since to = 1 for the dilute limit, the second
virial coefficient is given by

1 1 1-A"
AZZE_X—Eazlﬁ (713)
so that the network-to-bundle transition condition leads
to negative divergence of the second virial coefficient.

Figure 13 shows the molecular weight dependence of
the sol/gel transition line. The upper branch of the
transition line significantly shifts to high temperature
and low concentration region, but the lower branch
remains at almost the same position. Such a general
tendency was predicted by Higgs and Ball® by a simple
kinetic analysis in which the helix initiation parameter
(o2 in our notation) is simply assumed to be proportional
to the polymer concentration. It is justified by the
present more precise calculation on the basis of the
equilibrium statistical mechanics.

8. Multiple Association of Single Helices

Let us proceed to multiple association of single helices.
For simplicity, we assume monodisperse association
with a fixed multiplicity k, so that we have u(z) =1 +
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Figure 12. Same as Figure 7 but for longer chains n = 1000.
The slope in 6 around network-to-pair transition changes more
abruptly. In the limit of infinitely long chains, the slope
becomes discontinuous.
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Figure 13. Sol/gel transition lines for three different molec-
ular weight polymers. The upper branch largely shifts to
higher temperature with n, but lower branch changes only
little.

zk-1, We also assume the perfect size matching in
association. The helix distribution function then takes
the same form (eq 4.12), but the junction function is
given by

u@z) =1+ [1 - Ot U H  (8.2)

The helix content and number of helices are then
decomposed into two terms

v=v,+ (8.2)
6=0,+6, (8.3)
where
v, = (1 — 0)tV,(t) (8.4)
and
= (1 — )tV (1) (8.5)

are those of the single helices that remain unassociated
in the clusters and networks. On the other hand,

v = (1= 0)* " Wit (8.6)
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and

0, = (1 — 0)“p* Wt (8.7)
are those of the helices in the junctions of multiplicity
k. Existence of the first terms in v and 6 discriminates
single helices from multiple helices. The equation for t
takes the form

[1—t— VoK1 + tVy(t) + [ — t -
V(O = W) (8.8)

Before getting into the detailed analysis of association
of single helices, let us first take the limit of infinite
dilution. By taking the limit ¢ — 0 in eq 8.8, we find
that t satisfies

t _
1= tVo(t) =1 (8.9)
This is the equation derived by ZB, and also by Lifson

and Roig, for the single-chain coil-to-helix transition
problem. For example, we have the root

t 1+s—4/1—s + 40,

for ZB weight. We thus confirm that our solution of the
many-helix problem is a straightforward extension of
the old studies to finite polymer concentrations.

In what follows we focus on the pairwise association,
and employ the simplest ZB weight

(8.10)

1. = oy8(T)° (8.11)
for the helix formation, and the weight
Ay = 0 A(T) (8.12)

for the association of helices. Then functions of our
concern take the following forms:

V() = o,5twy(st) (8.13a)
V,(t) = o,5tw, (st) (8.13h)
and
WR(t?) = 0,27t°w,(1t) (8.14a)
WOt = 0,27t°w, (1t (8.14b)

by using the functions wy and w;, where abbreviated
notations
0 = 0,0,°, and 1 = s’ (8.15)
have been used. The association constant is assumed
to take the form
AT) = Aos(T)” (8.16)
Here, 4o is a constant and y = ealey is the ratio between

association energy ea relative to the nearest-neighbor
hydrogen-bonding energy ey for helix formation.
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Figure 14. Content of isolated helices 6, (— —) and of paired
helices 6 (--), together with their sum (—), plotted against the
temperature in the weak association case (y = 0.1). Polymer
concentration is changed from curve to curve.
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Figure 15. Average helix length &, of isolated helices (— —)
and &, of paired helices (- -) plotted against temperature in
the weak association case (y = 0.1). Polymer concentration is
changed from curve to curve.

8.1. Weak Association. We first consider the weak
association case (y < 1). Figure 14 shows helix contents
as functions of temperature for y = 0.1 for polymers with
n = 100.

Figure 15 shows the average helix length. The helix
initiation factor is fixed at 01 = 0.1 and o, = 1.0 so that
we have o = 0.01. The polymer volume fraction is
changed from curve to curve. The total helix content
behaves like the double helix case, but its decomposition
into the unassociated one 6; and the associated one 6,
shows a complex variation. At high temperature, most
of helices are short and unassociated. As we approach
the coil-to-helix transition temperature, helices grow
and association starts to take place. Elastic modulus of
the network in this region is not related to the total helix
content. Pair formation is sharply accelerated at the
temperature around In s = 1.0, and paired helices
dominate below In s = 1.5. Networks formed around this
temperature are basically type Il in which short unas-
sociated helices (20% of the total length) are connected

by long paired helices (70% of the total length) at
junctions via short random coils. However, below this
temperature, helices condense into long paired ones; the
system becomes a concentrated solution of rodlike
molecules of helix pairs. In all cases, the helix content
and helix length depend only weakly on the concentra-
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Figure 16. Same as in Figure 14 but for the strong associa-
tion case (y = 1.0).
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Figure 17. Same as in Figure 15 but for the strong associa-
tion case (y = 1.0).

tion. For larger values of o,, the concentration depen-
dence is enhanced. The curve for infinite dilution (¢ =
0) shows a different behavior from other curves at finite
concentrations because of the absence of association.

8.2. Strong Association. We next consider the
strong association case (y = 1). Figure 16 shows helix
contents as functions of temperature for y = 1.0 for
polymers with n = 100.

Figure 17 shows the average helix length. Although
y is of order unity, effect of association sets in very
sharply at small values of s around In s = 0.2. There is
a sharp rise in 6, where the total helix content 6 = 6;
+ 6, shows a a sudden increase (except infinite dilution
¢ — 0). We have type | networks just above this
temperature, but they disappear below In s = 0.4. In
the special case of ¢ — 0, all curves reduce to those given

by ZB theory.

9. Conclusions and Discussion

We have theoretically studied coil-to-helix transitions
at finite polymer concentrations and thermoreversible
gelation induced by the association of helices on the
basis of classical tree statistics combined with lattice
theory of polymer solutions. A general criterion of the
gel point is found for association by multiple helices and
for multiple association of single helices. In particular
for double helices, the gel point condition takes a
particularly simple form n6/¢ = 2, so that independent
measurement of the helix content 6 and average helix



Macromolecules, Vol. 36, No. 14, 2003

length ¢ gives a possibility to identify the gel point. It
is shown that there are two fundamentally different
types of networks, i.e., networks in which random coils
are cross-linked by short helices (type 1) and networks
in which long rodlike double helices are connected by
short random coils (type I1). Their elastic moduli behave
differently as functions of the temperature. We have
confirmed a very good agreement between our theoreti-
cal calculations of the helix content at finite concentra-
tions and the experimental data on the optical rotation
angle in t-carrageenan solutions. It is also suggested
that there is a network-to-bundle transition at a low
temperature. For double helices, this transition is a
“pairing transition”. This transition becomes a true
phase transition in the limit of infinite polymer molec-
ular weight. Further application of the present theory
to helix forming biopolymers, together with calculations
of material properties such as osmotic pressure, viscos-
ity, elastic moduli, and phase equilibria will be reported
in forthcoming papers.

Our theoretical analysis is entirely based on the
mean-field approximation. It employs Flory—Huggins
theory for solutions and Flory—Stockmayer theory for
gelation. Both are mean-field theory, and their combi-
nation is well balanced to each other in the level of
approximation. As far as concentration fluctuations are
concerned, the limitation of the mean-field theory can
be estimated by the simple Ginzburg-Landau criterion.
Let us arbitrarily select one chain in the solution, and
count the average number P of polymer chains lying
inside the spherical region of the radius of gyration
surrounding the chain.** The number is given by P =
¢R3/nad =~ nY2¢ if there is no association. It must be
sufficiently larger than unity for the mean-field ap-
proximation to be varied. If there is association, DP of
the primary polymer must be replaced by the average
Pw. However, if the effect of concentration fluctuations
is considered beyond the mean-field approximation, the
principle of equal reactivity (and also tree approxima-
tion) breaks down. Therefore, we must improve the
theoretical treatment of gelation in accordance with the
fluctuation theory. Consideration of small loops is
relatively easy,*® but large-scale cycles in the network
are difficult to treat. Improvement of the theory along
this line will therefore encounter serious difficulties.

Appendix A. Combinatorial Factor

Let us count the number of different ways to choose
je sequences of the length ¢ from the total finite length
n. To distinguish the neighboring helices, we assume
that there should be at least one monomer between
them. We first imagine that helices are contracted into
one statistical unit. The total length is reduced to be n’
=n — Y je. The number of ways to choose } je units from
n' is given by n'l/(3j)(n" — Yje)!, but since we cannot
distinguish the states which are obtained by replacing
helices of the same length, we have to multiply the
factor (3jo)l/(ITje!). We are thus led to the result o({j})
given in eq 3.1. Selection of segment sequences with
uniform length from the finite total length was first
discussed by Gornick and Jackson*! to study crystal-
lization of polymers.

Appendix B. Free Energy of the Solution

We start from the chemical potentials (eq 6.1) that
was found in our previous work.!? Gibbs—Duhem'’s
relation then gives the free energy per lattice site in the
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form

BAF/IQ = ey (¢) + fas(e) (B1)
where fen(e) is the Flory—Huggins part and

_¢ (ﬂ) S gy
fas(@) = In ® TRt A—9) - (B2)
is due to the effect of association.

The last four terms give the loss in the translational
degree of freedom due to association of polymer chains.
It is given by

1
Pra-o-r=tosan="l- ) e
n n % n P,
by using the number-average degree of polymerization
Pn. The number-average is usually calculated on the

basis of stoichiometric consideration, and it is shown
in Appendix D to be given by

¢ 1 Z¢ r
" @a-1P,) :Z /1_5 J, 2u'(2) dz (B4)

Appendix C. Helix Distribution Function
We now minimize the above free energy by changing

Je:

i AF/Q -2 —ZIn(n — M j,) —Inj. +

ic ®B )= o ( Z i2) Je
€= 1 Inn - Y. — Ti) + InlpuE)] +

I 5”(25) o) 1 i
Z — [+ — Z — [ zu'(z) dz=0 (C1)
u(zz) Ol Ojr & A¢

The last term gives

oz

L (@) = ) —  (C2)
— J, 2U(2) dz=—zU'(z) —

0
¢

but by taking the derivative of eq 4.4, this term turns
out to cancel the last term in the parentheses in eq C1.
Thus, we find

—&In(n = S &g —Inj. + € =D In(n = Y gj. -
> o + Inlyu(z)] =0 (C3)

This gives the helix distribution function eq 4.11.

Appendix D. Conditions for the Gel Point

In this appendix, we derive the number-average and
weight-average molecular weight of the functional
molecules R{ Aj} carrying the number f; of the functional
group A specified by the index i. Each functional group
is assumed to form junctions of arbitrary multiplicity
within the same species (Figure 6).

The number-average molecular weight can be derived
by simple stoichiometric consideration. We first consider
pairwise association. Since one degree of translational
freedom is lost every time one bond is formed between
a pair of functional groups, the total number of clusters
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moving independently in the solution is given by
1

where N is the number of R{ Aj} molecules and o is the
degree of association of species Aj, i.e., the probability
for a group A to be associated. The factor 1/, in front is
necessary to correct overcounting a bond twice. Hence
the number-average is given by

1
-1 __ _ -
P, =1 . Z fio, (D2)

For the multiple association, we first introduce the

probability p{” for an arbitrarily chosen A; group to be
associated into the junction of multiplicity k. Then, the
total number of clusters moving independently in the
solution can be expressed as

k—1 .
N—ZfiNk;Tpf(')=N—Z(l—

where

1
— N (D3)

/"n,i

U, . =S pWrk (D4)
n,i kZ\ k

is the number-average multiplicity of the junction.31.33
The correction factor for overcounting has changed to
(k — 1)/k. The number-average is then given by

F>n7:L =1- z fi(l - 1//_4n,i) (DS)
1
or equivalently

Py= (U f)[La, + U f — 1] (D6)

where the total number-average of the junction multi-
plicity is defined by

Vg, = Z (fi/ﬁn,i)/z f; (D7)
1 1
Let us next introduce a new function

0=y pIxt D8
u;(x) k;pkx (D8)

for each species i. This function appears in the conven-
tional cascade theory of gelation.*? It describes the
structure of a junction formed by R{Aj}. The above
result for P, is then written as

Py o a ©9)

where uj'(x) is the derivative of u;j(x).
If all reactions are reversible, we have the equilibrium
condition

[(EN)PPVIEN)PPTE = K

for each junction of multiplicity k formed by the ith

functional groups, where K{ is the equilibrium con-
stant. Since the following arguments equally hold for

(D10)
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all species, let us temporarily drop the cumbersome
superscript (i).

As in our previous study® for thermoreversible ge-
lation with junctions of variable multiplicity, we next
assume that the equilibrium constant takes the form

Ky = ATy (D11)
where A(T) is the association constant for a single
functional group. It can be written as

A(T) = exp(— Af /kgT) (D12)
in terms of the free energy Af produced when a
functional group is bound into the junction. The factor
Yk gives a surface correction to the free energy due to
finite size of the junction. Substituting this form for px
into the function u(x), we find

u(x) = p,0(2) (D13)

where

z = A(T)(FN)px (D14)

is the variable used in our previous study® and the
function G(x) is the same as the one defined by eq 4.8.
The normalization condition u(1) = 1 gives

A(M)(FN) = z0(z2) (D15)
The number-average DP can be rewritten as
P, l=1- > L Xy (x) dx (D16)
AN

Omitting the redundant symbol ~, we obtain eq B4.

Let us next consider the weight-average Py,. From the
number-average, one can easily guess that the weight-
average is given by

P, = (1/Zfi)/[1/ﬁw + 1/Zfi -1]

where the weight-average junction multiplicity is de-

fined by
Uy = Z fiﬁw,i/zfi
1 1

with the weight-average multiplicity of each species

ﬁw,i = kag)
K=

In fact, one can easily check this result by the following
simple intuitive consideration in the case where there
are only two species. Rigorous proof for the general case
of arbitrary number of species requires complex math-
ematical analysis of the cascade process, which we have
presented in our recent paper.*3

Let us consider functional molecules R{Ai/Bg} carry-
ing number f of A groups and number g of B groups.
These functional groups form junctions of arbitrary
multiplicity within the same species. We first consider
the clusters that are formed by association of B groups
only. A cluster including n molecules carry fn of A

(D17)

(D18)

(D19)
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groups. Therefore, their weight-average A-functionality
fw is given by

. gN fiyg —1 1}
f,=1Fx— - +=
v N [l—(g—l)(ﬂw,s—l) g

(D20)

according to egs A.18 and A.24 of Fukui-Yamabe,3!
where g is the weight-average junction multiplicity
of B species. We then introduce association among A
groups on these clusters. The weight-average DP is then
given by

P, = (UDI[LA, + L, 5 — 1] (D21)

which reduces to eq D17 when rearranged.
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